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The stability of a quantum superposition of two different stationary mass
distributions is examined, where the perturbing effect of each distribution
on the space-time structure is taken into account, in accordance with
the principles of general relativity. It is argued that the definition of
the time-translation operator for the superposed space-times involves an
inherent ill-definedness, leading to an essential uncertainty in the energy
of the superposed state which, in the Newtonian limit, is proportional
to the gravitational self-energy Ea of the difference between the two
mass distributions. This is consistent with a suggested finite lifetime of
the order of h/E, for the superposed state, in agreement with a certain
proposal made by the author for a gravitationally induced spontaneous
quantum state reduction, and with closely related earlier suggestions by
Diési and by Ghirardi et al.

1. THE PROBLEM OF QUANTUM STATE REDUCTION

The fundamental problem of quantum mechanics, as that theory is
presently understood, is to make sense of the reduction of the state vector
(i.e. collapse of the wavefunction), denoted here by R. This issue is usually
addressed in terms of the “quantum measurement problem”, which is to
comprehend how, upon measurement of a quantum system, this (seem-
ingly) discontinuous R-process can come about. A measurement, after all,
merely consists of the quantum state under consideration becoming en-
tangled with a mere extended part of the physical universe, e.g. with a
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measuring apparatus. This measuring apparatus — together with the ob-
serving physicist and their common environment — should, according to
conventional understanding, all also have some quantum description. Ac-
cordingly, there should be a quantum description of this entire quantum
state, involving not only the original system under consideration but also
the apparatus, physicist, and remaining environment — and this entire
state would be expected to evolve continuously, solely according to the
Schrodinger equation (unitary evolution), here denoted by the symbol U.

Numerous different attitudes to R have been expressed over many
years, ever since quantum mechanics was first clearly formulated. The
most influential viewpoint has been the “Copenhagen interpretation” of
Niels Bohr, according to which the state vector |¢) is not to be taken seri-
ously as describing a quantum-level physical reality, but is to be regarded
as merely referring to our (maximal) “knowledge” of a physical system,
and whose ultimate role is simply to provide us with a means to calcu-
late probabilities when a measurement is performed on the system. That
“measurement” would be taken to come about when that system inter-
acts with a classical measuring apparatus. Since “our knowledge” of a
physical system can undergo discontinuous jumps, there is no reason to be
surprised — so it would be argued — when |¢) undergoes discontinuous
jumps also!

Closely related is the environment-entanglement “rapp” (“for all prac-
tical purposes”) point of view (e.g. Ref. 43; cf. Ref. 3), according to which
the R-process is taken to be some kind of approximation to the U-evolution
of the system together with its environment, and R is viewed as having
taken place in the system itself “for all practical purposes” [3]. The essen-
tial idea is that the environment involves enormously numerous random
degrees of freedom, and these become entangled with the limited num-
ber of degrees of freedom in the system itself. Accordingly, the delicate
phase relations between the system’s degrees of freedom become irretriev-
ably lost in these entanglements with the environment. It is argued that
this effective loss of phase coherence in the system itself gives rise to R,
FAPP, although certain additional assumptions are needed in order for this
conclusion to be entertained.

There are also viewpoints — referred to as the “many worlds”, or
“many minds”, or the Everett interpretation (Ref. 13; cf. Ref. 10) —
whereby it is accepted that all the different macroscopic alternatives which
(according to U) must remain superposed, actually co-exist in reality. It
can be convincingly argued that if |t} is indeed taken to represent an ac-
tual reality at all levels, and if |¢) evolves precisely according to U, then
something of this nature must hold. However, by itself, and without fur-
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ther assumptions, this would offer no explanation as to why the “illusion”
of merely one world presents itself to our consciousnesses, nor why the cor-
rect quantum-mechanical probabilities come about (Refs. 38,39; cf. also
Ref. 36, sec.6.2,6.7).

Other alternative interpretations have been put forward, such as those
of de Broglie [9], Bohm (5], Bohm and Hiley [6], Haag [19], Griffiths {18],
Omnés [25], and Gell-Mann and Hartle [15], in which the standard quan-
tum procedures are reformulated in a different mathematical framework.
The authors of these proposals do not normally take the view that any
experimentally testable deviations from standard quantum mechanics can
arise within these schemes.

Set against all these are proposals of a different nature, according to
which it is argued that present-day quantum mechanics is a limiting case
of some more unified scheme, whereby the U and R procedures are both to
be approximations to some new theory of physical reality. Such a theory
would have to provide, as an appropriate limit, something equivalent to a
unitarily evolving state vector |¢). Indeed, many of these schemes, such
as that of Pearle [27,28], Bialynicki-Birula and Mycielski [4], Ghirardi, Ri-
mini, and Weber [16], and Weinberg [41], use a quantum-state description
[1), just as in standard quantum mechanics, but where the evolution of the
state deviates by a tiny amount from the precise Schrodinger (or Heisen-
berg) evolution U. Related to these are proposals which posit that it is in
the behaviour of conscious beings that deviations from precise U-evolution
are to be found (cf. Ref. 42). But in the more “physical” such schemes, the
suggested deviations from standard U-evolution become noticeable merely
when the system becomes “large”, in some appropriate sense. This “large-
ness” need not refer to physical dimension, but it might, for example, be
the number of particles in the system that is relevant (such as in the spe-
cific scheme put forward in Ref. 16). In other proposals, it is considered
that it is the mass, or mass distribution, that is all important. In schemes
of the latter rature, it is normally taken that it is gravity that provides
the influence that introduces deviations from the standard quantum rules.
(See Refs. 20-24,11,17,29,37,30-36, for proposals of this nature.)

In this paper, a iew argument is given that explicitly supports a grav-
itational role in state-vector reduction. Most particularly, it is consistent
with a particular criterion, explicitly put forward in [35,36], according to
which a macroscopic quantum superposition of two differing mass distri-
butions is unstable (analogous to an unstable particle). Accordingly, such
a state would decay, after a characteristic lifetime 7', into one or the other
of the two states. To compute T, we take the difference between the two
mass distributions under consideration (so that one counts positively and
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the other negatively) and compute its gravitational self-energy Ea. The

idea is that we then have
T~h/Ena.

This criterion is also very close to one put forward earlier by Diési
[11], and as modified by Ghirardi, Grassi, and Rimini [17], but their point
of view is different from the one used here, proposed by Penrose [34-36].
In particular, in their type of scheme, there are violations of energy con-
servation which could — in principle or in practice — be experimentally
detected. With the type of proposal in mind here, the idea would be that
such violations of energy conservation ought to be absent, owing to the
fundamental involvement of some of the basic principles of general rela-
tivity. (There is a brief discussion of this point in Ref. 36, p.345.) In
this article it is indicated that there is a basic conflict between Einstein’s
general covariance principle and the basic principles of quantum theory, as
they relate to stationary states of superposed gravitational fields. It is ar-
gued that this conflict can be resolved within the framework of the specific
state-reduction proposal of [35,36], according to which such superposed
gravitational fields are essentially unstable.

It should be made clear, however, that this proposal does not provide
a theory of quantum state reduction. It merely indicates the level at which
deviations from standard linear Schrédinger (unitary) evolution are to be
expected owing to gravitational effects. Indeed, it is this author’s personal
opinion that the correct theory uniting general relativity with quantum
mechanics will involve a major change in our physical world-view — of a
magnitude at least comparable with that involved in the shift from New-
tonian to Einsteinian gravitational physics. The present paper makes no
pretensions about even aiming us in the right direction in this regard. Its
purpose is a different one, namely to show that even within the framework
of completely conventional quantum theory, there is a fundamental issue
to be faced, when gravitational effects begin to become important. Stan-
dard theory does not provide a clear answer; moreover, it allows room for
the type of instability in superposed states that would be consistent with
the proposals of Refs. 11,17 and 34-36.

2. STATIONARY STATES

Let us consider the following situation. We suppose that a quantum
superposition of two states has been set up, where each individual state has
a well-defined static mass distribution, but where the mass distributions
differ from one state to the other. For example, we could have a rigid lump
of material which we contrive to place in a quantum superposition of two
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different locations. Such a superposed state could be achieved by having a
photon simultaneously transmitted through and reflected off a half-silvered
mirror placed at a distance from the lump, where the transmitted part of
the photon’s state then triggers a device which slowly moves the lump from
its initial location to somewhere nearby, but the reflected part leaves the
lump alone. (This is an inanimate version of “Schrodinger’s cat”.)

If we ignore any gravitational effects, the two alternative locations of
the lump will each be stationary states, and will therefore have wavefunc-
tions, say |¢) and |x), that are eigenfunctions of the energy operator H:

Hip) = vl¥), Hix) = vlx)-

Here, the energy eigenvalue v is the same in each case, because the mass
is simply displaced from one location to the other. (We ignore the energy
of the photon in this, the lump itself being supposed to have enormously
greater mass-cnergy, and also any energy involvement in the device that
moves the lump.) It is clear from this that there is a complete degeneracy
for linear superpositions of |¢) and |x), and any linear combination

Al) +ulx)

(with A and p complex constants) will also be an eigenstate of H with the
same eigenvalue v. Each such linear combination will also be a stationary
state, with the same energy eigenvalue v. Thus, any one of these com-
binations would be just as stable as the original two, and must therefore
persist unchanged for all time.

We shall shortly consider the delicate theoretical issues that arise when
one considers the (superposed) gravitational fields of each of the two in-
stances of the lump also to be involved in the superposition. In accordance
with this, it will be appropriate to be rather careful about the kinds of is-
sues that become relevant when quantum theory and general relativity are
considered together.

3. PRELIMINARY CONSIDERATIONS

In particular, there is a point of subtlety which needs to be addressed,
even before we cbnsider the details of any gravitational effects. We take
note of the fact that, in the absence of any spatial inhomogeneity in the
background potentials (gravitational or otherwise), there is nothing in the
intrinsic nature of one lump location that allows us to distinguish it from
any other lump location. Thus, we might choose to adopt the standpoint
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that there is really no physical difference at all between the various states
of location of the lump and, accordingly, take the view that all these seem-
ingly different states of the lump are actually all the same state! Indeed,
this would be the normal standpoint of (quantum) general relativity. Each
space-time geometry arising from of each separate lump location would
be identical. The principle of general covariance forbids us to assign a
meaningful (coordinate) label to each individual point, and there is no
coordinate-independent way of saying that the lump occupies a different
location in each of the two configurations under consideration.

However, this is not the standard attitude in ordinary quantum me-
chanics. If the various position states of a single quantum particle were
considered to be all the same, then we would not be able to construct
all the many different wave functions for that particle which are, after
all, simply superpositions of states in which the particle occupies different
locations. In standard quantum mechanics, all the different particle loca-
tions correspond to different quantum states whose superpositions can be
independently involved.

It is worth while, in this context, to consider how standard quantum
mechanics treats composite particles. Here one may choose to factor out by
this translational freedom. For example, the wavefunction of a hydrogen
atom, in an eigenstate of the energy and angular momentum operators,
is still completely degenerate with respect to the spatial location of its
centre of mass. In considering the quantum mechanics of a hydrogen atom,
the normal procedure is (implicitly or otherwise) to factor out by the
degrees of freedom that specify the location of the mass centre (or, as a
simplifying approximation, merely the location of its proton), and consider
the quantum mechanics only of what remains: essentially the location of
the orbiting electron, this being what is fixed by the energy and angular
momentum.

In the present context, with the two superposed lump locations, we
are trying to examine precisely the translational degrees of freedom that
had been “factored out” in the case of the hydrogen atom. In fact there
is something of a physical inconsistency in simply considering our lump to
be displaced from one location to another in the two states under super-
position. There is a conservation law which requires that the mass centre
remain fixed in space (or move uniformly in a straight line). This would
have been violated unless the lump displacement is compensated by the
displacement of some other massive object in the opposite direction. We
shall consider that there is such another object, and that it is enormously
more massive than is the lump itself. Let us call this other object “the
Earth”. To move the lump from one location to the other, we simply allow
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the Earth to move by a very tiny amount, so as to allow the mass centre
to remain fixed; and since the Earth is so very much more massive than
the lump, we can consider that in practice the Earth does not move at all.

The presencee of the Earth in these considerations allows us to cir-
cumvent the problem that we had previously considered. For the Earth
(assumed to have some large but static finite irregular shape) serves to es-
tablish a “frame of reference” against which the motion of the lump can be
considered to be taking place. The space-time geometries corresponding to
all the various lump locations are now all different from one another, and
“general covariance” does not prevent us from considering these various
states to be all distinct.

At this point, another complication appears to arise because the
Earth’s gravitational field has to be taken into account. In fact, we shall
not be much concerned with the Earth’s field. It will be the differences
in the gravitational fields in the various lump locations that will have es-
sential relevance. In fact, there is no problem, in the considerations which
follow, in allowing the Earth’s gravitational field to be involved also. But
we may prefer to avoid the complication of the Earth’s field, if we choose,
by supposing that our “experiment” is to be set up within a spherical
cavity situated at the centre of the Earth. Then the Earth’s actual field
could be eliminated completely. Yet the Earth would still serve to estab-
lish a “frame of reference” against which the motion of the lump could be
considered to be taking place.

On the other hand, we shall prefer to consider that the lumps are
actually sitting on the surface of the Earth. The Earth’s (effectively)
constant gravitational field does not have any significant influence on the
considerations of relevance here. There is no problem about having the
lump in a stationary state on the surface of the Earth, provided that some
appropriate upward forces are introduced on the lump, to allow it to remain
at rest with respect to the Earth.

If we were to consider a situation in which the two superposed lump
positions are at different heights from the ground, then we would have
to consider the effects of the energy expended in raising the lump in the
Earth’s field. This would introduce an additional factor, but would not
seriously affect the situation that we are concerned with here. If desired, all
these considerations can be evaded if we regard our lump movements to be
taking place entirely within our spherical cavity at the centre of the Earth.
However, it will not be necessary to pass to this extreme idealization for
the considerations of this paper.
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4. SUPERPOSED GRAVITATIONAL FIELDS

Let us now try to consider how the gravitational field of the lump
itself affects our superposed state. Each lump location is accompanied by
the static gravitational field produced by the lump in that location. We
must envisage that the superposed state is now an entangled one,

AP)IGy) + ulx)Gx),

where |Gy) and |Gy} are the quantum states of the gravitational fields of
the lump locations corresponding to |¢) and |x), respectively. We might
choose to think of |Gy) and |Gy) as coherent states, if that is the appro-
priate description. In any case, whatever is to be meant by the quantum
state of a stationary gravitational field — including all the internal de-
grees of freedom of the field — would be supposed to be incorporated into
|Gy) or |Gy). But it does not greatly matter, for our present purposes,
what the “coriect” quantum-mechanical descriptions of macroscopic grav-
itational fields actually are. We must suppose, however, that whatever this
description is, it closely accords in its physical interpretation, for a sin-
gle unsuperposed lump, with the classical gravitational field of that lump
according to the descriptions of Einstein’s general relativity.

In fact, the “entangled” nature of the superposed state will not be of
importance for us here. We simply take the two states under superposition
to be

1) = 9)|Gy)  and  [X) = [x)|Gy)-

The essential point is that each of the two states concerned must involve a
reasonably well-defined (stationary) space-time geometry, where these two
space-time geometries differ significantly from each other. We must now
raise the question: is this superposed state still a stationary state?

We have to consider carefully what a “stationary state” means in a
context such as this. In a stationary space-time, we have a well-defined con-
cept of “stationary” for a quantum state in that background, because there
is a Killing vector T" in the space-time that generates the time-translations.
Regarding T as a differential operator (the “8/8t” for the space-time), we
simply ask for the quantum states that are eigenstates of T', and these will
be the stationary states, i.e. states with well-defined energy values. In each
case the energy value of the state in question, |¥}, would be (essentially)
the eigenvalue Ey of T corresponding to that state:

T|¥) = —ihEg|T).
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However, for the superposed state we are considering here we have
a serious problem. For we do not now have a specific space-time, but
a superposition of two slightly differing space-times. How are we to re-
gard such a “superposition of space-times”? Is there an operator that we
can use to describe “time-translation” in such a superposed space-time?
Such an operator would be needed so that we can identify the “stationary
states” as its eigenvectors, these being the states with definite energy. It
will be shown that there is a fundamental difficulty with these concepts,
and that the notion of time-translation operator is essentially ill defined.
Moreover, it will be possible to define a clear-cut measure of the degree
of this ill-definedness for such a superposed state. Accordingly, there is,
in particular, an essential uncertainty or “fuzziness” in the very concept
of energy for such a state, and the degree of this uncertainty can be es-
timated in a clear-cut way. This is consistent with the view that such a
superposed state is unstable, and the lifetime of the state will be given
by % divided by this measure of energy uncertainty, in accordance with
the way in which Heisenberg’s uncertainty principle is employed in the
theory of unstable particles, where the particle’s lifetime is related to its
mass-energy uncertainty.

How are we to regard a quantum superposition of two space-times?
It is not sufficient to take a completely formal attitude to such matters,
as is common in discussions of quantum gravity. According to the sorts
of procedure that are often adopted in quantum gravity, the superposition
of different space-times is indeed treated in a very formal way, in terms
of complex functions on the space of 3-geometries (or 4-geometries), for
example, where there is no pretence at a pointwise identification of the
different geometries under superposition. A difficulty with such formal
procedures arises, however, if we attempt to discuss the physics that takes
place within such a formal superposition of spaces, as is the case with the
type of situation under consideration here (cf. also Ref. 1).

Indeed, in the case of the two minutely differing space-times that occur
in our situation with the two superposed lump locations, there would be
no obvious way to register the fact that the lump is actually in a different
place, in each of the two configurations under superposition, unless there is
some sort of (approximate) identification. (Of course, in this identification,
since the lump itself is supposed to be “moved”, corresponding points of
the lump are not identified, but the corresponding points of the Earth are,
since the Earth is not considered to have significantly moved.)

Nevertheless, it is clear from the principles of general relativity that
it is not appropriate, in general, to make a precise identification between
points of one space-time and corresponding points of the other. The gauge
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freedom of general relativity — as reflected in “the principle of general
covariance” (or, equivalently, “diffeomorphism invariance”) — is precisely
the freedom that forbids a meaningful precise labelling of individual points
in a space-time. Accordingly there is generally no precise meaningful point-
wise identification between different space-times. (In special cases, it may
be possible to circumvent this problem; see Refs. 1,2, where issues of this
nature are examined, and interesting effects are anticipated, in relation, in
particular, to the quantization of a cosmic string.) In the general case, all
that we can expect will be some kind of approzimate pointwise identifica-
tion.

5. THE SEMICLASSICAL APPROACH

One possible way to address this difficulty might be to adopt a “semi-
classical approximation” to quantum gravity, according to which it would
be the ezpectation value of the (quantum) energy-momentum tensor that
serves to specify the right-hand side of Einstein’s equations

R
Ry — 5 Jab = —87GTyy .

In such an approximation the superposition of our pair of states in which
one lump is in two spatially displaced locations would have a gravitational
field which is merely the average field of the fields of each lump individually.
In fact, the semiclassical approximation is not really physically consis-
tent. In particular, it allows superluminary communication (see Ref. 29);
and, in a certain interpretation, it is grossly inconsistent with observation
[26]. These difficulties might be avoided if the semiclassical interpretation
can be combined with some scheme of gravitationally induced state-vector
reduction, as is argued by Pearle and Squires (Ref. 29; cf. also Ref. 23).
From the point of view of the present paper, there is an additional
difficulty with the semiclassical approximation. The semiclassical descrip-
tion would provide a space-time containing the mass distributions of two
spatially displaced lumps with vacuum (Rg, = 0) between them. This
gravitational field — of a pair of spatially displaced lumps — is not re-
ally the same as a linear superposition of the two fields, each describing
one of the two lump locations individually. The gravitational interaction
effects between the pair of lumps would have to be taken into account,
according to the non-linear effects of general relativity. Assume that the
actual lump, in its two displaced locations, sits on a smooth horizontal
table (“the Earth”). The “semiclassical” state would represent a pair
of spatially separated massive lumps, and would not actually possess an
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exact Killing vector which could play the role of T (=“9/8%”) because
the “semiclassical” lumps would fall towards each other along the table
in accordance with their gravitational attractions, leading to a non-static
space-time geometry.

For reasons such as these, it is proposed not to follow a semiclassical
description here. Instead, we shall follow the route of supposing that there
is some kind of approzimate sense in which the two superposed space-
times can be pointwise identified. Without some kind of (approximate)
identification between the space-times, we do not seem even to be able to
express the fact that the quantum state of the lump is a superposition of
two distinct locations, in which the degree of displacement between the
two lump locations is reasonably well defined.

6. APPROXIMATE SPACE-TIME POINT IDENTIFICATION

The basic principles of general relativity — as encompassed in the
term “the principle of general covariance” (and also “principle of equiv-
alence”) — tell us that there is no natural way to identify the points of
one space-time with corresponding points of another. Consider our quan-
turn superposition between two different space-times (here, the fields of
two alternative lump locations). If we are to attempt to make a point-
wise identification between these two space-times, we can do this in a way
that would be only approzimately meaningful. Let us try to obtain some
measure of this degree of approximation.

In order to proceed to a reasonably explicit expression of this measure,
it will be helpful to make the assumption that a Newtonian approximation
to the gravitational fields of each lump location is adequate. Indeed, in
any plausible practical situation in which a quantum superposition of lump
locations might have to be considered, this would certainly be the case.
Thus, there will be spatial sections of the two space-times in question which
are Euclidean 3-spaces, and each space-time will possess a well-defined time
coordinate whose constant values define these Euclidean spatial sections.
We shall suppose that the time coordinates for each space-time can be
naturally identified with each other, so we have a single time parameter ¢
common to the two space-times. This would seem reasonable for the New-
tonian situation under consideration, although there would be essential
subtleties arising when the two gravitational fields are treated according
to full general relativity.

It should be made clear, however, that passing to the Newtonian limit
does not remove the difficulties that the principle of general covariance —
or the principle of equivalence — presents in relation to the quantum
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superposition of gravitational fields. As may be recalled, there is a space-
time formulation of Newtonian gravitational theory originally provided by
Cartan [7], and further studied independently by Friedrichs [14] and Traut-
man [40], in which the Newtonian version of the equivalence principle is
directly incorporated into the geometrical description. (See Ref. 12 for
an up-to-date account.) The Cartan geometric formulation of Newtonian
gravitational theory is indeed the appropriate one for taking into account
the subtleties of (what remains of) the principle of general covariance and
the principle of equivalence. (For example, the Newton-Cartan space-time
of a constant non-zero Newtonian gravitational field has an identical geom-
etry to that of the zero gravitational field, but it differs from a non-uniform
Newtonian field which produces tidal effects.) It has been pointed out by
Christian [8] that the Newton-Cartan framework provides a valuable set-
ting for exploring some of the fundamental problems of unifying quantum
theory with gravitational theory without, at this stage, the more severe
difficulties of general relativity having to be faced. Christian argues that
this framework indeed sheds important light on the role of gravity in the
measurement problem.

As it turns out, the criterion for quantum state reduction that we
shall be led to here is independent of the value of the speed of light c. It
will thus have a well-defined non-trivial Newtonian limit, and it can be
expressed within the Newton—Cartan framework. However, although it
will be valuable to bear this framework in mind here, we shall not actually
use its specific mathematical details.

The essential point about superposing a pair of Newton—Cartan space-
times is that whereas we are allowing that the time-coordinate ¢ can be
identified in the two space-times — and so there is a canonical correspon-
dence between the various space sections of one space-time with those of
the other — there is no canonical way of identifying the individual points
of a section of one space-time with corresponding points of the other. It is
this lack of a definite pointwise identification between the spatial sections
of the two space-times which will lead us to an essential ill-definedness of
the notion of time-translation — and therefore of the notion of stationar-
ity — for the quantum-superposed state.

The reader might wonder why it is time-translation that should en-
counter problems, when, in our Newtonian context, there is no problem
with the time-coordinate t. However, this is how it should be; for “time-
translation” is something which is represented by the operator “9/8t”, and
the meaning of this operator is really concerned more with the choice of
the remaining variables x, y, z, (those parameters to be held fixed in the
definition of §/8t) than it is with ¢ itself. An uncertainty in the pointwise
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identification of the spatial sections of one space-time with the spatial sec-
tions of the other will indeed show up in an uncertainty in the definition
of time-translation. Suppose that we use the coordinates z, y, 2, and ¢ for
the points of one space-time, and z', ¥/, 2/, and ¢ for the points of the
other (where, of course, ¢ = t'); then we have

8 8 0z 8 dyd 0z38

o 5t v ez T or oy T o oz

g
=% +v-V

where v is the spatial velocity, as described with respect to the unprimed
coordinate system, of a point fixed in the primed coordinate system. (In
the (z,y,z2,t)-system, the 3-vector v has components (dz/ot',dy/ot,
8z/8t'), i.e. (—8x'/8t, -8y’ /Bt, —02'/Ot), and the operator V has compo-
nents (8/0z,d/8y, 8/08z).) If we were to attempt to identify the point with
coordinates (z,y, z,t) in one of the space-times under consideration, with
the point with coordinates (z’,y’,2’,t’) in the other, then we should en-
counter an incompatibility between their notions of time-evolution unless
v vanishes everywhere.

Of course, in this Newtonian limit, it is possible to arrange that
v = 0 everywhere, simply by taking ordinary static, non-rotating New-
tonian/Cartesian coordinates for the two space-times, related by a con-
stant spatial displacement between them. But this would be to go against
the spirit of what is entailed, in the present context, by Einstein’s princi-
ple of general covariance. It is the special nature of the Newtonian limit
that provides us with flat Euclidean spatial sections whose local motions
are determined directly by what happens at infinity. In this Newtonian
limit, the “coordinate freedom” can indeed be eliminated if we nail things
down at infinity, because in Newton—Cartan geometry, there is exact spa-
tial rigidity. However, within the more general context of curved (and
not necessarily stationary) space-times, this is not at all appropriate. Our
physical expectations would be for the criteria characterizing the nature
of a localized quantum superposition to depend on reasonably local crite-
ria. The principles of general relativity are antagonistic towards the idea of
identifying individual local points in a precise way, in terms of the situation
at infinity.

Similar remarks also apply to certain proposals within the general
programme of quantizing general relativity proper, according to which the
time-translation operator would not be taken to have local relevance, but
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to refer merely to the symmetries at spatial infinity — it being supposed
that only asymptotically flat space-times are to be considered in quantum
superposition. It seems, however, for situations such as those under consid-
eration here where we are concerned with a reasonably local problem, that
it is quite inappropriate to define the notion of time-translation merely in
terms of what is going on at spatial infinity. We do not know, after all,
what the geometry of the actual universe is on a very large scale (spatially
asymptotically spherical or hyperbolic, for example, either of which would
lead to different notions of “time-translation” from that which is normally
considered). It is most unlikely that, for a reasonably local quantum prob-
lem such as this, Nature should really “care” what is going on at infinity.

We shall suppose instead that, in the particular Newtonian quantum
superposition under consideration, it is appropriate to demand an approx-
imate spatial identification between the two space-times, where the degree
of approximation is governed by local (or quasi-local) considerations in the
vicinity of the region where the identification occurs. In accordance with
the principle of equivalence, it is the notion of free fall which is locally
defined, so the most natural local identification between a local region of
one space-time and a corresponding local region of the other would be
that in which the free falls (i.e. space-time geodesics) agree. However, in
the superposition under consideration, there is no way to make the spa-
tial identifications so that the free falls agree everywhere throughout the
space-times. The best that one can do is to try to minimize the amount
of the difference between free fall motions.

How are we to express this difference mathematically? (Let us assume
that the two quantum amplitudes assigned to the two superposed states
are about the same size. Then we may take it that neither space-time’s
geometry dominates the other.) Let f and £’ be the acceleration 3-vectors
of the free-fall motions in the respective space-times, at some identified
point (where the accelerations can be taken with respect to the appropri-
ate local identified coordinates). In fact, f and f’ will be the Newtonian
gravitational force-per-unit-test-mass, at that point, in each space-time.
Let us take the scalar quantity

(f-f)?=(F-1) (f-£)

as the measure of incompatibility of the identification — and, accord-
ingly, of the “uncertainty” involved in this identification. It may be noted
that if we apply an acceleration to the common coordinates to the two
space-times, while keeping the actual point identification unaltered, then
the difference f — f’ does not change. In fact, the expression (f — f')2
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is coordinate-independent (assuming that the “dot” - refers to the actual
3-dimensional spatial metric).

For the total measure of incompatibility (or “uncertainty”) A at a
particular instant, given by a particular ¢-value, it is proposed to integrate
this quantity (with respect to the spatial 3-volume element d3z) over the
t = constant 3-space:

A= / (f - £)2d%z
= / (VO — V&')d3z
= / (Ve - V¥ (VE - VI')d®z
- / (® — @) (V20 - V20')d%z

where f = ~V® and f' = —V®’, & and &' being the respective gravita-
tional potentials for the two space-times. By Poisson’s formula

V2® = —4rGp,

we obtain
A= 47rG/(<I> - &) (p - p')d3z,

where p and p’ are the respective mass densities. Using the integral formula

B(z) = — / o(v) ] |z — vl d,

we get

- —47rG//<p —J(@) (o) — /(@) / |z - vl Pz,

which is basically just the gravitational self-energy of the difference be-
tween the mass distributions of each of the two lump locations.

How does this relate to the uncertainty in the time-translation Killing
vector referred to at the beginning of this section? That there should be
some relationship follows from general considerations, but the exact form
that this relationship should take seems to depend upon the specific model
that is used to describe the uncertainty of space-time identification. (As
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long ago as 1966, Karolyhdzy provided some fairly closely related consid-
erations, cf. Ref. 20 and also Refs. 21,22.) To understand what is involved
in the present context, we consider three successive time slices, given by
t=171,t=17+At, and t = 7 + 2At. We imagine that there is some
uncertainty in the identification between the two space-times under super-
position at each of these three times. The measure of relative “acceleration
uncertainty” that we have just been considering, and which seems to be
forced upon us from consideration of the principles of equivalence and gen-
eral covariance, has to do with the difference between the error in spatial
identification at ¢t = 7 + At and the average of those at ¢ = 7 and at
t = 7+ 2At. The overall uncertainty in the quantity v - V, which appears
as the uncertainty in the time-translation Killing vector for the superposed
space-times is a “velocity uncertainty”, and it has to do with the difference
between the error in spatial identification at ¢t = 7+ At and that at t = 7
(or else between the error at ¢ = 7 + 2At and that at t = 7 + At). The
precise relationship between the “acceleration uncertainty” and “velocity
uncertainty” seems to depend upon the way that this uncertainty is actu-
ally modelled. The direct “position uncertainty” does not feature in these
considerations; it is the time-evolution of the error in spatial identification
that has importance for us here.

A further ingredient of possible importance is an error in the identi-
fication in the actual time coordinate ¢ for the two space-times. We have
ignored this complication here, but it clearly has relevance in full general
relativity. Perhaps it should also be taken into account in the Newtonian
limit.

In view of these various complicating issues, no attempt will be made
to formulate a definitive statement of the precise measure of uncertainty
that is to be assigned to the “superposed Killing vector” and to the corre-
sponding notion of “stationarity” for the superposed space-time. However,
it is strongly indicated by the above considerations that the quantity A,
as defined above, gives a very plausible (though provisional) estimate of
this uncertainty. Hence, we can use A, or some simple multiple of this
quantity, as a measure of the fundamental energy uncertainty “EA” of the
superposed state. Accordingly, the superposed state would not be exactly
stationary, but it is consistent with the above considerations that it should
have a lifetime of the general order of i/Ex.

It is reassuring that basically the same expression is seen to arise from
certain other considerations. For example, it was pointed out in [35,36]
that the gravitational self-energy involved in a quantum superposition of
a pair of differing space-time geometries should involve an essential uncer-
tainty, owing to the fact that even in classical general relativity there is
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difficulty with the energy concept for gravity. (There is no local expres-
sion for gravitational energy.) Moreover, considerations of the symplectic
structure of linearized gravity [34] lead to something very similar, and
so also does the earlier model of Didsi [11], although in these papers the
suggestion is that the expression

G / / o) (v) / 1z — vl 3z Py,

which is the gravitational interaction energy, should be the relevant mea-
sure of the required “energy uncertainty” Ex. In fact (apart from the fac-
tor 4x), it does not make any difference which expression is used, provided
that — as is the case here — the two individual states under superposi-
tion each have the same gravitational self-energy. (A situation for which
the difference in the expressions might be important would be in a cloud
chamber, where the two states in superposition might be “droplet form-
ing” and “droplet not forming”. In this case the gravitational self-energy
of the droplet would contribute a difference between the two expressions.)

7. FURTHER CONSIDERATIONS

It is clear that the above arguments provide only a very preliminary
analysis of the difficulties involved in the notion of “stationarity” for a
quantum superposition of differing stationary space-times. However, even
just these preliminary considerations seem to suggest that such a super-
position would be unstable, and that a very plausible expression for the
order of magnitude of the lifetime of such a superposed state (where the
two relevant amplitudes are roughly equal) is i/ Ea, where E, is the grav-
itational self-energy of the difference between the two mass distributions
involved.

In any case, it should be clear from what has been said above that
conventional guantum theory provides no clear answer (in the absence of a
satisfactory theory of quantum gravity) to the problem of the stability of a
quantum superposition of two different gravitating states. We do not need
to appeal to the contentious conceptual issues inherent in the measurement
problem of quantum mechanics for some motivation for believing that such
superpositions should be unstable.

In the above considerations, we have restricted attention to cases
where the superposition involves just two different states, each of which
individually has a well-defined space-time geometry, and where the two
amplitudes assigned to each of these two constituent states are of about
the same size. This does not tell us, for example, what to do about the
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wavefunction of a single isolated proton, as it spreads throughout space in
accordance with the Schrédinger equation. In the Grw scheme [16] there
would be a small probability for this state to reduce spontaneously to a
more localized state. The present considerations, however, are not ade-
quate to provide us with an expectation as to whether (or how frequently)
such a spontaneous state reduction should occur, nor do they tell us what
kind of state should be the result of such a spontaneous state reduction. We
might think that the “natural” states for the proton, having “well-defined
space-time geometries”, are those for which the proton is reasonably local-
ized, say to a region of roughly its Compton wavelength. But if we adopt
such a view, we are driven to consider that most wavefunctions are super-
positions of a great many of these natural states, and with widely differing
amplitudes. A more detailed theory is clearly needed if such questions are
to be addressed adequately.

Despite these uncertainties, it is still possible, in many different cir-
cumstances, to estimate the expected order of magnitude of the rate of
gravitationally induced state-vector reduction according to this scheme.
For a single proton, we may expect that a superposed state of two sepa-
rated spatial locations will decay to one or the other location in something
of the order of a few million years. For a water speck 10~%cm in radius,
the timescale would be about an hour or so; for a speck 10~3cm in ra-
dius, something like a millionth of a second. These results indeed seem
reasonable, and if confirmed would supply a very plausible solution to the
quantum measurement problem, but for the moment they appear to be
rather beyond what can be experimentally tested.

It should be emphasized that none of the considerations of the present
paper give any clear indication of the mathematical nature of the theory
that would be required to incorporate a plausible gravitationally induced
spontaneous state-vector reduction. In all probability, such mathematical
considerations would have to come from quite other directions. Indeed,
this author’s own expectations are that no fully satisfactory theory will be
forthcoming until there is a revolution in the description of quantum phe-
nomena that is of as great a magnitude as that which Einstein introduced
(in the description of gravitational phenomena) with his general theory of
relativity.
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